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ABSTRACT: It is generally held that the incompatibility of polymers in solution arises from an unfavorable interaction 
( x 2 3 )  between segments of the polymers and is independent of the polymer-solvent interactions (x12 and xI3). This is correct 
when the polymer-solvent interactions are of equal magnitude, as assumed in Scott’s original treatment of such ternary systems. 
We reexamine the theory, calculating spinodals which show that a small difference in polymer-solvent interactions has a marked 
effect on polymer incompatibility. This is in agreement with experimental findings of Dondos and others. At high polymer 
concentration, polymer incompatibility is associated with xZ3,  but at low concentrations it should be mainly due to the difference 
between xlZ and x13. Setting X23 = 0 but keeping a sufficient difference between x12 and xI3 leads to a closed region of incom- 
plete miscibility within the triangular phase diagram, although the binaries show complete miscibility. 

t is a well-known fact that two polymers of different chem- I ical nature are usually incompatible in the absence of 
solvent. A homogeneous ternary system can be formed by 
dissolving the polymers (components 2 and 3) in sufficient 
solvent. However, phase separation occurs when the con- 
centration of total polymer is increased above a critical value. 
The theoretical work of Scott and Tompa? associates these 
phenomena with an  unfavorable interaction (x23 > 0) between 
the segments of the polymers. Although the critical concen- 
tration of total polymer decreases rapidly with increase of the 
polymer molecular weights, it is apparently independent of 
the polymer-solvent interactions (XI* ana  x13). Thus, the 
effect of the solvent is merely to dilute the polymers and so 
diminish the number of unfavorable contacts between polymer 
segments of different type. This simple and intuitively satis- 
fying result was obtained’ assuming that the two polymer- 
solvent interactions were equal, but it was surmised1s2b that 
very similar phase diagrams should be found even when the 
polymer-solvent interactions are unequal. Some observa- 
tions of ours on  cloud points in very dilute ternary systems 
under pressure seemed to indicate a strong effect of the sol- 
vent. This led us to  reexamine the Scott-Tompa theory. 
We found that phase separation in ternary systems is strongly 
promoted by any asymmetry in the polymer-solvent inter- 
actions (xI2 # x13). Furthermore, this effect seems a more 
important cause of the polymer “incompatibility” in solution 
than the interaction between the polymers themselves. Sur- 
prisingly, the theory predicts the possibility of polymer in- 
compatibility in solution even when x23 = 0, provided the 
polymer-solvent interactions are slightly different. 

The literature already contains many reports of the effect 
of solvent on  polymer incompatibility. Bank Leffingwell, 
and Thies3 observed that polystyrene is visually compatible 
with poly(viny1 methyl ether) in toluene, benzene, or  per- 
chloroethylene, but incompatible in chloroform, methylene 
chloride, or trichloroethylene. (The differences in compat- 
ibility persist even on  solvent evaporation, as shown by mea- 
sured Tg’s and dielectric loss factors of the films cast from the 
different solvents.) Kern4 measured the critical concentration 
of a polystyrene-poly(methy1 methacrylate) pair in a number 
of solvents. Values range from 13 (by volume) total poly- 
mer in dimethylaniline to only 2.5 % in p-xylene. This would 
correspond to a fivefold variation in the value of x 2 3  calcu- 
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lated using the theory. A similar solvent effect has been ob- 
served by Paxtonj for polystyrene-polybutadiene in toluene 
and carbon tetrachloride, and by Hugelin and Dondos6 for 
poly(viny!-2-pyridine)-poly(methyl methacrylate) in various 
solvents. The latter authors showed that the critical con- 
centrations of polymer obtained by Kern and by themselves 
can be correlated with values of la2 - u31, where a is the ex- 
ponent in the Mark-Houwink intrinsic viscosity-molecular 
weight relationship. Since the value of a is related to the 
polymer-solvent interaction paramter, xlZ, Hugelin and Don- 
dos were able to show that an  asymmetry of the xlZ parameters 
increases polymer incompatibility in solution. 

Spinodals in the Ternary System 

In our investigation of the Scott-Tompa theory, we have 
avoided the notoriously difficult calculation of the binodals, 
i.e., phase boundaries separating the stable from metastable 
and unstable regions. We chose to calculate the spinodals, 
i.e., boundaries enclosing unstable regions. However, these 
provide a qualitatively similar phase diagram, and the position 
of the binodals can be estimated. Others‘ have similarly 
used spinodals to give an  indication of the phase diagram. 
The critical points, common to binodals and spinodals, 
may also be obtained, e.g., using eq 7.27 of Tompa. In  
terms of the Flory-Huggins theory, the equation for the spi- 
nodal is*b 

2 m 2 4 2  - 22mtmJ(XL f x.?)4243 + 
4mlm2mdx1~2 + X l X 3  + x2x3)414243 = 0 (1) 

where 

2x1 = XI2 + X13 - X23 (2) 

and the other xi's are obtained by cyclic interchange of sub- 
scripts. The 4,’s are the volume fractions, and the m,’s are 
the numbers of segments in the component molecules. The 
xZJ interaction parameters correspond to the free energies 
for the formation of contacts between segments of the com- 
ponents, whereas in Flory’s nomenclature the contact in- 
volves the whole of the molecule of the first component, 
Le., X,,(Flory) = m,XJScott-Tompa). 

Figure 1 shows the spinodals8 with ml = 1, for two polymers 
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Figure 1 .  Calculated spinodals for a ternary system: solvent 
( l ) ,  polymer (2 ) ,  and polymer (3). Values of ml = 1 and m2 = 
m8 = 1OOO are taken for all curves. For spinodals a, b, and c, xZ3 
= 0.0025, and the pairs of interaction parameters xlz, xI3 are as 
follows: (a) 0.40, 0.40; (b) 0.40, 0.45; (b’) 0.40, 0.35; (c) 0.40, 
0.50; (c’) 0.40,0.30. For spinodals d and d’, x 2 3  = 0.0 and x12, X13 

are the same as for (c) and (c’). Curve e is a binodal calculated 
with the same choice of parameters as for spinodal a. Solution 
compositions are in volume fractions. 
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Figure 2. Calculated spinodals for a ternary system: solvent 
(1);polymer ( 2 ) ,  and polymer (3 ) ,  with xz3 = 0.0 and xlz, x13 equal 
to 0.50, 0.30; rnl = 1 and the values of m2 = m3 are as follows: 
(a)220; (b) 250; (c) 500; (d) 1OOO. At m = 200 complete miscibility 
is observed. Solution compositions are in volume fractions. 

characterized by m2 = m3 = lo3, corresponding to equal 
molecular weights of -105. The interaction parameter 
between polymer segments x~~ = 0.0025. Curve a shows the 
spinodal calculated under the symmetrical conditions assumed 
in the original Scott treatment, x12 = x13. As found there, 
the spinodal is independent of the Xli’s, provided they are 
equal. A typical value of the xli  for a good solvent would 
be 0.40. The almost identical spinodals b and b’ show that 
even a small disparity, ;.e., xlz = 0.40, x13 = 0.40 i: 0.05, 
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Figure 3. The values of X 2 3  and xle, x13 are as in Figure 2 ;  m1 = 1, 
and the values of m2, m3 are as follows: (a) 500, 100; (b) 500, 5 0 0 ;  
(c) 500, 1OOO; (d) 500, 10,OOO. Solution compositions are in vol- 
ume fractions. 

greatly enlarges the region of incomplete miscibility. It is of 
interest that increasing the quality of the solvent for polymer 
3 produces almost the same effect as decreasing it. Spinodals 
c and c’ introduce a larger difference in xli, but one which is 
still comparable with the variations of the x values en- 
countered in actual systems: xI2 = 0.40, XI3 = 0.40 * 0.10. 
It is clear that the magnitude of the average polymer-solvent 
interaction has a considerably smaller effect on the spinodal 
than the difference in the interactions. 

We now calculate the spinodals under the same conditions 
except that x 2 3  = 0. There is now no polymer incom- 
patibility in the absence of the solvent, nor in the solution 
when the x12’s are equal, i.e., spinodal a disappears. The 
same is true of spinodals b and b’, where the polymer in- 
compatibility is confined to the region of high polymer con- 
centration. However, if the difference in polymer-solvent 
interactions is larger, extending polymer incompatibility to 
low polymer concentration, a region of incompatibility re- 
mains when x~~ = 0, and in fact when x~~ < 0. Spinodals d 
and d ’  correspond to  c and c’, except that x 2 3  = 0. Elimi- 
nating x~~ has caused the region of incompatibility to disappear 
a t  high concentration but not at  low. The spinodals are 
closed loops which do  not touch the edges of the triangular 
phase diagram, Le., the binaries are complete m i ~ c i b l e . ~  In 
these model systems, but probably also in real systems, limited 
miscibility a t  low concentration is an effect of unequal 
polymer-solvent interactions, while a t  high concentration it 
reflects the unfavorable polymer-polymer interaction. 

(9) There may be other reasons for the instability of a ternary system 
while the binaries remain stable, Le., the occurrence o f  a closed loop. 
J. L. Meijering, Philips Res.  Rep., 5,333 (1950); 6,183 (1951), has given 
a general treatment of the phenomenon in regular solutions of small 
molecules. I t  can also occur in a system containing one polymer and 
two solvents. If the solvents interact strongly between themselves 
(x < 0), they will not easily tend to form contacts with the polymer. 
I t  is thus possible for the two polymer-solvent binaries to be stable but 
not the ternary mixture. Such systems have been studied by G. Gee, 
Trans. Faradaji SOC., 40, 468 (1944), and by A.  Dondos, C. R.  Acad. 
Sci., 267, 370 (1968). Tompa?o mentions a case of a closed loop in a 
polymer- solvent-poor solvent system. I f  the two solvents are almost 
at the point of phase separation (X N 2), the introduction of the third 
component can cause instability. A disparity in the polymer-solvent 
interactions apparently enhances the effect, and the behavior may be 
similar to that discussed in this article. 
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Dependence on Polymer Molecular Weight 

The effect of unequal polymer-solvent interactions, like that 
of an unfavorable polymer-polymer interaction, manifests 
itself for high polymer molecular weight. The effects shown 
in Figure 1 become more striking on raising the value of m for 
the polymers from lo3 to lo4, corresponding to  a molecular 
weight of about lo6. Incompatibility of the polymers in solu- 
tion remains when x~~ = 0 if the disparjty in polymer-solvent 
interaction parameters is as little as 0.03. On the other hand, 
Figure 2 shows that, even when lxlZ - ~ 1 3 1  is fairly large, i.e., 
0.2, the closed immiscibility loop rapidly disappears when the 
polymer molecular weight becomes small. Figure 3 demon- 
strates the effect of unequal molecular weights of the two 
polymers. Increasing the molecular weight of one of the 
polymers enlarges the region of polymer incompatibility, but 
does so mainly in the region of high concentration of the 
polymer of lower molecular weight. A similar effect is found 
in the case treated by Scott, where the ~ 1 ~ ’ s  are equal, and 
polymer incompatibility is due to xZ3. There also, the higher 
molecular weight polymer expels the lower from the solution. 

Critical Points and the Binodals 
The evolution of critical points in Figure 1 is of interest. 

Each of the spinodals a,  b, and c shows only one critical point, 
approximately at  the point on the spinodal corresponding to 
lowest total polymer concentration, the critical concentration 
usually measured. The closed loops in Figure 1 (and 2) each 
have two critical points. One is at low polymer con- 
centration and corresponds to those on spinodals a, b, and c. 
The other is at high polymer concentration and may be thought 
of as having arisen from a critical point in the pure 2-3 
binary. Starting with spinodals a ,  b, and c in Figure 1, and 
decreasing the value of xg3, the points of intersection of the 
spinodals with the base of the triangular phase diagram come 
together to give the critical point of the pure 2-3 binary. The 
spinodals b and c have now changed into loops touching the 
base of the phase diagram at  this critical point. With further 
decrease of x 2 3 ,  the loops detach themselves from the base of 
the phase diagram, but retain the critical point a t  the high 
polymer concentration extremity of the loop. The spinodal b 
becomes smaller and finally disappears, its two critical points 
coalescing, before x Z 3  reaches zero. The above discussion 
indicates that a closed loop cannot be accompanied by phase 
separation in the 2-3 binary. 

The 
corresponding binodals in the case of the unequal xli must be 
similar smooth curves starting from the critical points a t  the 
low polymer concentration tops of the spinodals. They must 
pass outside of the spinodals to cut the base of the triangular 
phase diagram at  the same points as the binodal in the case of 
equal xli. In the case of the closed solubility loops of Figures 
1, 2, and 3, the positions of the binodals may be estimated, 
since they pass outside of the loops, do not touch the edges of 
the phase diagram, and are tangential to the loops at the two 
critical points. 

Case of Incomplete Miscibility in the 
Polymer-Solvent Binaries 

Figure 4 illustrates the effect of asymmetry of the polymer- 
solvent interaction in cases where the xIi’s are sufficiently large 
to  cause phase separation in the polymer-solvent binaries, 
associated with an upper or a lower critical solution tempera- 
ture. We have retained the same difference of 1Xl2 - xl3; as 
in Figure 1, spinodal d’, i .e. ,  xI2 = 0.40, XI3 = 0.30. Spinodal 
a of Figure 4 is identical with d’  in Figure 1. 

Figure 1 shows the binodal in the case of equal xl1. 

Then x12 and x1 

Figure 4. Calculated spinodals and the critical points for the 
ternary system: solvent (l), polymer (2), and polymer (3),  with 
xz3 = 0.0, and the following pairs of interaction parameters X,Z, 
x13:  (a) 0.40, 0.30; (b) 0.532, 0.432; (c) 0.632, 0.532; (d) 0.70, 
0.60; m, = 1 and m2 = mg = lo00 for all curves. The critical 
points which lie within the phase diagram are shown as dots. Solu- 
tion compositions are in volume fractions. 

are increased by successive increments so that phase separation 
occurs first in the 1-2 binary and then in both the 1-2 and 1-3 
binaries. This process corresponds to changing the tempera- 
ture to approach a critical solution temperature in a binary. 
(If the interaction parameters are decreased, the loop disap- 
pears at x12 = 0.38, X I 3  = 0.28). 

The spinodals show nothing remarkable, but the evolution 
of the positions of the critical points is of interest. The 
critical point at high polymer concentration remains at the 
bottom of the successive spinodals. The critical point at low 
polymer concentration reaches the 1-2 binary (edge of the 
phase diagram) in spinodal b, where it is the well-known 
critical point given by the Flory-Huggins critical conditions: 
xli  = 1 + (ml/mj)’l2} *; & = { 1 + (mi/n?J”2]-1. These 
yield xli  = 0.532 in the present case. When XI? > 0.532, this 
critical point lies outside of the phase diagram. Until xlZ = 
0.632, x13 = 0.532, therefore, the spinodals have only one 
critical point inside the phase diagram. With this pair of xli  a 
new critical point appears on the 1-3 binary. Increasing the 
x . ~  splits this point into two, one just inside the diagram, but 
the other outside. Thus, spinodal d shows only two critical 
points in Figure 3. 

Discussion 

We have attempted unsuccessfully to find experimental 
examples of the closed-loop spinodals. Our attempt was rather 
cursory, but at least it seems that the loops must be, in prac- 
tice, a rare phenomenon. It is probable that the difference in 
nature between the polymers, required to furnish the difference 
in xli, also suffices to give an important xZ3. Hence, the loops 
would be extended into the region of high polymer concentra- 
tion, to produce spinodals of the type shown in Figure 1, 
curves b and c. This view is supported by an argument 
based on the solubility parameter theory. For the polymer- 
solvent interactions, we have 

VI 
xdFlory) = mlxidScott-Tompa) = RT - (& - S t ) *  + p (3) 
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For  the interaction of the two polymers 

vz 
RT 

x~dFlory) = m2x~3(Scott-Tompa) = - (& 

Then, one finds 

where L; is the molar volume of the segments in the solvent 
molecules. In  the present work, ml = 1, so that c - 100 
cm3/mol. We then have 

x 2 3  - (XlZ - x13)’ (6 )  
An inspection of the x values in Figure 1, curves b and c, 
and for other spinodals not reported here, indicates that if eq 6 
is correct, closed immiscibility loops should not be generally 
found, but rather spinodals like curves b and c in Figure 1. 
Possibly the loops could occur in a special case with two 
polymers of very similar .chemical nature, which would mini- 
miie x23, but of different flexibilities, which would produce 
different free volume or equation of state contributions in x12 
and X13. 

Koningsveld and collaborators7 have studied a system 
which shows a closed immiscibility loop: linear poly- 
ethylene-crystallizable polypropylene-diphenyl ether. They 

indicate that other such systems have been found, and point 
out that polymer incompatbility in solution does not neces- 
sarily imply incompatibility in the absence of solvent. Since, 
however, the two polymer-solvent binaries phase separate at  
about the same temperature, one would expect the xlz’s to 
be almost identical. It is possible, therefore, that this closed 
loop may have a different origin than that described in the 
present paper. 

We feel then that our main result is a theoretical support 
for the experimental finding of Dondos and others that poly- 
mer incompatibility in solution is increased when the poly- 
mer-solvent interactions are different. Another area where 
the solvent effect could be important is in the “segregation” 
of the blocks within isolated block copolymer macromolecules, 
and recent work by DondoslO may indeed show such an ef- 
fect. 
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ABSTRACT: A system of efficient computer programs has been developed for simulating the conformations of macromole- 
cules. The conformation of an individual polymer is defined as a point in conformation space, whose mutually orthogonal axes 
represent the successive dihedral angles of the backbone chain. The statistical-mechanical average of any property is obtained 
as the usual configuration integral over this space. A Monte Carlo method for estimating averages is used because of the im- 
possibility of direct numerical integration. Monte Carlo corresponds to the execution of a Markoffian random walk of a 
representative point through the conformation space. Unlike many previous Monte Carlo studies of polymers, which sample 
conformation space indiscriminately, importance sampling increases efficiency because selection of new polymers is biased to 
reflect their Boltzmann probabilities in the canonical ensemble, leading to reduction of sampling variance and hence to greater 
accuracy in given computing time. The simulation is illustrated in detail. Overall running time is proportional to dj4, where 
n is the chain length. Results are presented for a hard-sphere linear polymer of n atoms, with free dihedral rotation, with tz = 
20-298. The fraction of polymers accepted in the importance sampling scheme, fA, is fit to a Fisher-Sykes attrition relation, 
giving an effective attrition constant of zero. fA is itself an upper bound to the partition function, Q, relative to the unre- 
stricted walk. The mean-squared end-to-end distance and radius of gyration exhibit the expected exponential dependence, but 
with exponent for the radius of gyration significantly greater than that of the end-to-end distance. The 90% confidence limits 
calculated for both exponents did not include either 6/15 or 4/3, the lattice and zero-order perturbation values, respectively. A 
self-correcting scheme for generating coordinates free of roundoff error is given in an Appendix. 

he Monte Carlo method’ was firmly established by Wall T and his successors2-1O as a valuable tool for investigating 

* Address correspondence to this author at the Department of 
Biochemical Sciences, Frick Chemical Laboratory, Princeton Uni- 
versity, Princeton, N. J .  08540. 

(1) J. M. Hammersley and D.  C. Handscomb, “Monte Carlo 
Methods,” Wiley, New York, N. Y. ,  1964. 

(2) (a) F. T. Wall, L.  A. Hiller, Jr., and D. J. Wheeler, J .  Chem. 
Phj,s., 22, 1036 (1954); (b) F. T. Wall, L. A. Hiller, Jr., and W. F. 
Atchison, ibid., 23, 913, 2314 (1955); 26, 1742 (1957). 

(3)  F. T. Wall and J. Mazur, Ann. N. Y .  Acad. Sci., 89, 608 (1961). 
(4) (a) F. T. Wall, S. Windwer, and P. J. Gans, J .  Chem. Phys., 38, 

2220 (1963); (b) ibid., 38,2228 (1963). 

the geometric and thermodynamic properties of polymers. 
The majority of previous Monte Carlo studies have been con- 
fined to the exploration of extremely simple models, such as 
random walks on lattices. In this paper we offer a more 
complete model of polymeric systems which includes lattice 
as well as off-lattice polymers on  special cases, an ideal frame- 
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